Abstract. The total angular resolution of a straight-line drawing is the minimum angle between two edges of the drawing. It combines two properties contributing to the readability of a drawing: the angular resolution, which is the minimum angle between incident edges, and the crossing resolution, which is the minimum angle between crossing edges. We consider the total angular resolution of a graph, which is the maximum total angular resolution of a straight-line drawing of this graph. We prove that, up to a finite number of well specified exceptions of constant size, the number of edges of a graph with n vertices and a total angular resolution greater than 60
Introduction
The total angular resolution of a drawing D, or short TAR(D), is the smallest angle occurring in D, either between two edges incident to the same vertex or between two crossing edges. In other words, TAR(D) is the minimum of the angular resolution AR(D) and the crossing resolution CR(D) of the same drawing. Furthermore, the total angular resolution of a graph G is defined as the maximum of TAR(D) over all drawings D of G. Similarly, the angular resolution and the crossing resolution of G are the maximum of AR(D) and CR(D), respectively, over all drawings D of G. The total angular resolution of a graph is in general smaller than the minimum of its crossing resolution and its angular resolution. Note that all drawings considered in this work are straight-line.
Formann et al. [7] were the first to introduce the angular resolution of graphs and showed that finding a drawing of a graph with angular resolution at least 90
• is NP-hard. Fifteen years later experiments by Huang et al. [8, 10] showed that the crossing resolution plays a major role in the readability of drawings. Consequently research in that direction was intensified. In particular right angle crossing drawings (or short RAC drawings) were studied [5, 11] , and NP-hardness of the decision version for right angles was proven [2] .
The upper bound for the number of edges of αAC drawings (drawings with crossing resolution α) is
180
• α (3n − 6) [6] . For the two special classes of RAC drawings and 60
• AC drawings better upper bounds are known. More precisely, RAC drawings have at most 4n − 10 edges [5] and αAC drawings with α > 60
• have at most 6.5n − 20 edges [1] .
Argyriou et al. [3] were the first to study the total angular resolution, calling it just total resolution. They presented drawings of complete and complete bipartite graphs with asymptotically optimal total angular resolution. Recently Bekos et al. [4] presented a new algorithm for finding a drawing of a given graph with high total angular resolution which was performing superior to earlier algorithms like [3, 9] on the considered test cases.
Upper bound on the number of edges
We say a drawing D is planarized if we replace every crossing by a vertex so that this new vertex splits both crossing edges into two edges. We denote this planarized drawing by P (D). Furthermore, every edge in P (D) has two sides and every side is incident to exactly one cell of D. Note that both sides of an edge can be incident to the same cell. We define the size of a cell of a connected drawing D as the number of sides in P (D) incident to this cell.
In this section we show that for almost all graphs with TAR(G) > 60
• the number of edges is bounded by 2n−6. We start by showing a bound for the number of edges in a connected drawing D depending on the size of the unbounded cell of D. 
Proof. If at least three edges cross each other in a single point, then there exists an angle with at most 60
• at this crossing point. Therefore every crossing is incident to two edges. We planarize the drawing D and get n = n + cr(D) and m = m + 2 cr(D) where cr(D) is the number of crossings in D, n is the number of vertices of P (D), and m is the number of edges of P (D). Since we have a planar graph, we can use Euler's formula to compute the number f of faces in P (D) as
Moreover, every bounded cell of D has at least size 4, as otherwise P (D) contains a triangle which implies an angle of at most 60
• . By definition, the unbounded cell of D has size k and we obtain the following inequality
Combining Equation (1) and Inequality (2) gives m ≤ 2n − 2 − k/2 .
From Lemma 1 it follows directly that a connected drawing D on n ≥ 3 vertices and with TAR(D) > 60
• fulfills m ≤ 2n − 4. Observation 1, which will be useful to prove Lemma 2, follows from the fact that the sum of interior angles in a simple polygon is 180
Observation 1 Let D be a plane drawing where the boundary of the unbounded cell is a simple polygon P with p > 3 vertices. Let the inner degree of a vertex v i of P be the number d i of edges incident to v i that lie in the interior of P . If • , then m ≤ 2n − 5 follows directly from Lemma 1. Otherwise, the unbounded cell of D has size 4, which, as D is not a path on 3 vertices, implies that the boundary of D is a 4-gon F . By Observation 1 and the fact that D is not a 4-cycle, there is precisely one edge e in the interior of and incident to F . Let D be the drawing we get by deleting all vertices and edges of F and also the edge e. The drawing D is connected and has n ≥ 1 vertices and m edges, where n = n + 4 and m = m + 5. By Lemma 1 we know that m ≤ 2n − 2 and we derive m = m + 5 ≤ 2n − 2 + 5 ≤ 2n − 5.
Two drawings are combinatorially equivalent if all cells are bounded by the same edges, all crossing edge pairs are the same, and the order of crossings along an edge are the same. We can extend Lemma 2 in the following way. • .
E8 A 6-gon with an additional vertex or edge inside, connected with 3 or 4, respectively, edges to the 6-gon such that the 6-gon is partitioned into 3 or 4, respectively, empty 4-gons. E9 A 6-gon with either a path on 3 vertices or a 4-cycle inside, connected as depicted also in Fig. 1(a) .
The proof of Lemma 3 is similar to the one of Lemma 2 and can be found in Appendix A. Note that Lemma 3 considers plane drawings. If D has a crossing, then P (D) has a vertex of degree 4. The only drawings in the exceptions with a vertex with degree 4 are shown in Fig. 1(a) . It can be shown that, when replacing the vertices of degree 4 in any of them by a crossing, the resulting drawings have TAR(D) ≤ 60
• . A detailed proof of this fact can be found in Appendix C and will be useful for the proof of the next theorem. Theorem 1. Let G be a graph with n ≥ 3 vertices, m edges and TAR(G) > 60
• . Then m ≤ 2n − 6 except if G is either a graph of an exception for Lemma 3 or only consists of three vertices and one edge (Exception E0 in Fig. 5 ).
Proof. Assume there exists a graph which is not in the list of exceptions for Lemma 3 with TAR(G) > 60
• . Consider a drawing D of G with TAR(D) > 60
• and its planarization P (D). Applying Lemma 1 to every component gives m ≤ 2m − 6, with the only exception consisting of three vertices and one edge (Exception E0). Details can be found in Appendix D. So for the rest of the proof only consider connected graphs.
If three edges cross in a single point, then in P (D) this point has degree 6 and therefore an angle with at most 60
• . Hence P (D) has m P = m + 2 cr(D) edges and n P = n + cr(D) vertices. Let m = 2n − c. This is equivalent to
• , by applying Lemma 3 we get that m P ≤ 2n P − 6 or P (D) is in the exceptions. If m P ≤ 2n P − 6, then also m ≤ 2n − 6. If P (D) is in the exceptions, then, as observed before, D is in the exceptions.
The bound of Theorem 1 is the best possible in the sense that there are infinitely many graphs with m = 2n − 6 and TAR(G) > 60
• . Consider for example the layered 8-gon with two edges in the middle depicted in Fig. 1(b) , which can be generalized to any n = 8k with k ∈ N. In the full version of this work we present examples for every n ≥ 9 and also discuss plane drawings of planar graphs.
NP-hardness
Forman et al. [7] showed that the problem of determining whether there exists a drawing of a graph with angular resolution of 90
• is NP-hard. Their proof, which is by reduction from 3SAT with exactly three different literals per clause, also implies NP-hardness of deciding whether a graph has a drawing with total angular resolution of 90
• . We adapt their reduction to show NP-hardness of the decision problem for TAR(G) ≥ 60
• . A full version of the proof of Theorem 2 can be found in Appendix E.
Theorem 2. It is NP-hard to decide whether a graph G has TAR(G) ≥ 60
• .
Proof (sketch). Given a 3SAT formula with variables x 1 , x 2 , . . . , x n and clauses c 1 , c 2 , . . . , c m , where every clause contains exactly three different literals, we first construct a graph G for it. The basic building blocks of G consist of triangles, which must be equilateral in any drawing with total angular resolution 60
• . We use three types of gadgets; see Fig. 2(a) . The clause gadget has a designated clause vertex C j and the variable gadget has two literal vertices X i,j , X i,j per clause c j . For each gadget, the embedding with total angular resolution 60
• is unique up to rotation, scaling and reflection.
Connector gadget
Clause gadget
Variable gadget (a) All used gadgets
(b) Frame with clause gadgets For connecting the gadgets, we build a 3-sided frame; see Fig. 2(b) . It consists of a straight bottom path of 2n + 2m − 1 triangles alternatingly facing up and down, a sequence of m clause gadgets stacked on top of each other to the right (one for each clause, with the clause vertices C 1 , . . . , C m facing to the right), and a top path of 2n+2m−1 triangles alternatingly facing down and up. The leftmost n vertices of degree three on the upper side of the bottom path and the lower side of the top path (X 1 , . . . , X n and X 1 , . . . , X n ) are used for the variables: For each variable x i , we add a variable gadget and a connector gadget by identifying A i,1 with X i , A i,2 with A i,3 , and A i,4 with X i , respectively. Finally, a clause-literal path consisting of three consecutive edges between X i,j (X i,j ) and C j is added whenever x i (x i ) is a literal of clause c j .
The following holds for any drawing D of the graph G with T AR(D) ≥ 60
• . (1 ) The embedding of the frame is unique up to rotation, scaling, and reflection. Hence we can assume that it is embedded as in Fig. 2(b) . (2 ) Each variable gadget together with its connector gadget must be drawn vertically between its X i and X i , either with all X i,j to the right of the X i,j or the other way around. (3 ) All clause-literal paths leave from their clause vertices to the right, and one path per clause leaves horizontally to the right.
We claim that TAR(G) ≥ 60
• if and only if the initial 3SAT formula is satisfiable. For the one direction, consider a satisfying truth assignment of the formula. We draw the variable gadgets with all true literal sides to the right and scaled (via the connector gadgets) such that different gadgets have their vertices at different heights, and we draw the clause-literal paths as indicated in Fig. 3 . For the other direction, consider a drawing of C with TAR(D) = 60
• . Using the straight lines 1 and 2 sketched in Fig. 2(b) , one can show that every clauseliteral path that leaves the clause vertex horizontally must end at a literal vertex facing to the right. Setting the according literals to true gives a non-contradicting variable assignment that in turn fulfills all clauses.
Conclusion
In this work we have shown that, up to a finite number of well specified exceptions of constant size, any graph G with TAR(G) > 60
• has at most 2n − 6 edges. In addition we have been able to obtain similar bounds for graphs with TAR(G) ≥ 90
• and TAR(G) > 120
• : For graphs with TAR(G) ≥ 90
• we have m ≤ 2n − 2 √ n and for TAR(G) > 120
• we have m ≤ n for n ≥ 7, which is best possible. We conjecture that almost all graphs with TAR(G) > k−2 k 90
• have at most 2n − 2 − k 2 edges. From a computational point of view, we have proven that finding a drawing of a given graph with total angular resolution at least 60
• is NP-hard. The same was known before for at least 90
• [7] . On the other hand, for large angles, the recognition problem eventually becomes easy (for example, G can be drawn with TAR(G) > 120
• if and only if it is the union of cycles of at least 7 vertices and arbitrary paths). This yields the following open problem: At which angle(s) does the decision problem change from NP-hard to polynomially solvable?
A Proof of Lemma 3
• . If D is not combinatorially equivalent to one of the exceptions E1-E9 as listed below and depicted in Fig. 5 (Appendix B) , then m ≤ 2n − 6. E1 A tree on at most 4 vertices. E2 An empty 4-gon. E3 A 4-gon with one additional vertex connected to one vertex of the 4-gon. E4 An empty 5-gon. E5 A 5-gon with one inner vertex connected to two non-neighboring vertices of the 5-gon. E6 A 5-gon with an edge inside, connected with 3 edges to the 5-gon such that the 5-gon is partitioned into two empty 4-gons and one empty 5-gon. E7 A 6-gon with an additional diagonal between opposite vertices. E8 A 6-gon with an additional vertex or edge inside, connected with 3 or 4, respectively, edges to the 6-gon such that the 6-gon is partitioned into 3 or 4, respectively, empty 4-gons. E9 A 6-gon with either a path on 3 vertices or a 4-cycle inside, connected as depicted also in Fig. 1(a) .
Proof. Let D be a subdrawing of D consisting of all vertices, which are not on the unbounded cell and all edges, which are not incident to a vertex on the unbounded cell. Assume D has n vertices and m edges. We consider different cases.
Case 1
The unbounded cell has size at least 7. Then we have, by Lemma 1,
Case 2 The unbounded cell has size 4. Then either our drawing has only one cell, which is a case of Exception E1, or the outer boundary is a 4-gon. In this case we have n = n + 4 and m ≤ m + 5. If there is at most one vertex in the interior of the 4-gon, then we have Exception E2 or E3, respectively. So we can assume that there are at least 2 vertices in the interior. By Observation 1 we have at most one edge from a vertex on the unbounded cell to the inside. Therefore, D is connected and thus it has at least one edge. So by Lemma 1 we have m ≤ 2n − 3. With this we get So the only drawings where this does not hold are 6-gons with a drawing inside, which is in the exceptions in Lemma 2. This results in Exceptions E7 and E8, as n < 3, and Exceptions E9, as they contain the two exceptions of Lemma 2. If D is not connected and TAR(D) > 60
• , then m ≤ 2n − 6 or D consists of two non-adjacent vertices which are connected to the 6-gon with 5 edges in total. This means that one of the two inner vertices has degree at least 3 in the drawing D. If one vertex has degree 4, then there is a triangle in our drawing D which means TAR(D) ≤ 60
• . Otherwise, if one vertex has degree 3 and the other one has degree 2, then we have a drawing like in Fig. 4 . The grey shaded 4-gon has 2 edges in the inside. So due to Observation 1 we have TAR(D) ≤ 60
• . Fig. 4 : Two separated vertices inside a 6-gon.
B All exceptions
This appendix contains drawings depicting all exceptions of Lemma 3 and Theorem 1 (Fig. 5 ). Proof. If we replace the vertex of degree 4 of the drawing in Fig. 1(a) (left) with a crossing, then we get the drawing D cr in Fig. 6 , where the dashed edge is not part of the actual drawing. We want to show that TAR(D cr ) ≤ 60
• . As in Fig. 6 we denote ACB as α and BCD as β and both these angles are between two edges of the drawing. Let P 1 , P 2 and P 3 be the other three vertices on the unbounded cell. Since C is a crossing, C is inside the pentagon ABP 1 P 2 P 3 . The inner angles of a pentagon sum up to 540
• . All eight inner angles of the drawing, which are incident to the convex hull have more than 60
• . This implies BAC + ABC ≤ 60
• . Furthermore we have α+β = 180 • = α+ BAC + ABC. This means we have β = BAC + ABC ≤ 60
• . But β appears in D cr so we have TAR(D cr ) ≤ 60
• . Let D cr be the drawing we get if we replace in the drawing in Fig. 1(a) (right) the vertex of degree 4 with a crossing. Then D cr is a subdrawing of D cr . So we get TAR(D cr ) ≤ TAR(D cr ) ≤ 60
D Disconnected drawings
Lemma 5. Let D be an disconnected drawing on n ≥ 3 vertices with TAR(D) > 60 • . Then m ≤ 2n − 6 or D consists of three vertices and one edge (Exception E0 in Fig. 5 ).
Proof. Assume D consists of components C i , 1 ≤ i ≤ l, with n i ≥ 1 vertices and
• holds. By Lemma 1 we get for every component m i ≤ 2n i − 2. If l ≥ 3, then we have
Otherwise l = 2. If C 1 contains at least 2 edges, then the size of the unbounded cell of C 1 is at least 3. So we get m 1 ≤ 2n 1 − 4 by Lemma 1. This gives
If C 1 and C 2 both consist of two vertices and an edge, then we have m = 2 · 4 − 6 = 2. If D is a drawing on 3 vertices and an edge, then we have Exception E0.
E Proof of Theorem 2
Proof. As input we are given a 3SAT formula with variables x 1 , x 2 , . . . , x n and clauses c 1 , c 2 , . . . , c m , where every clause contains exactly three different literals. We first construct a graph G for the formula. The basic building blocks of our construction consist of triangles, which, in order to obtain a total angular resolution of 60
• , must all be equilateral. We use the following gadgets; see Fig. 2(a) .
As clause gadget we use a sequence of four triangles that share a common vertex and in which consecutive triangles share an edge. The middle vertex with three incident edges, marked with C j in the figure, will be used to connect the clause gadget to its literals. We denote C j as clause vertex.
As variable gadget we use a triangle followed by a sequence of m hexagons and followed by another triangle. Each hexagon consists of six triangles sharing the center point. Each non-extreme hexagon of the sequence is incident to its neighboring hexagons via two "opposite" edges. The initial triangle is incident to the first hexagon via the edge opposite to the incidence with the second hexagon. The final triangle is incident to the last hexagon via the edge opposite to the incidence with the second to last hexagon. The vertices of the initial and the final triangle that are incident to none of the hexagons are denoted as A i,1 and A i,2 , respectively.
For each variable x i , we assign one side of the hexagonal path to the positive literal x i and the other to the negative literal x i . The intermediate vertices of the jth hexagon of the path are denoted with X i,j and X i,j , respectively, and called literal vertices. They will be used for connecting a literal to its clause.
Additionally we use a connector gadget. It consists of two triangles with a common edge. The two vertices that are incident to only one of the triangles are denoted as A i,3 and A i,4 , respectively.
Note that for all three gadgets, an embedding with total angular resolution 60
• is unique up to rotation, scaling and reflection of the whole gadget. Especially, for each gadget, all triangles are congruent.
For connecting the gadgets, we first build a rigid 3-sided frame as depicted in Fig. 2(b) . On the bottom, it consists of a straight path of 2n + 2m − 1 triangles that alternatingly face up and down (the bottom path). On top of the rightmost triangle of this path, we add a sequence of m clause gadgets stacked on top of each other (one for each clause, with the clause vertices C 1 , . . . , C m facing to the right). The top consists of a straight path of 2n + 2m − 1 triangles that alternatingly face down and up (the top path). We denote the leftmost n + 1 vertices of degree three on the upper side of the bottom path with X 1 , . . . , X n , and B 1 . The leftmost n + 1 vertices of degree three on the lower side of the top path are denoted X 1 , . . . , X n , and B 2 . As an embedding with total angular resolution 60
• of this frame again is again unique up to rotation, scaling, and reflection, we assume without loss of generality that it is embedded as depicted in Fig. 2(b) . Then, for every 1 ≤ i ≤ n, X i and X i lie on a vertical line. Further, the line 1 spanned by B 1 and C m has slope 60
• and the line 2 through B 2 and C 1 has slope −60
We next add the variable gadgets in the following way. For each variable x i , we identify the vertex A i,1 of its gadget with X i . Further, we connect the gadget to X i via a connector gadget by identifying A i,2 with A i,3 and A i,4 with X i , respectively. In any drawing with total angular resolution 60
• of the construction so far, each variable gadget together with its connector gadget must be drawn vertically between X i and X i . Further, the gadgets can be scaled by adapting the height of the connector gadget. Independent of the scaling factor, the left side of each variable gadget is always to the left of the lines 1 and 2 . Directionwise, variable gadgets can be drawn in two ways: either all X i,j are to the right of the X i,j or the other way around.
To complete the construction, we add a path consisting of three consecutive edges between X i,j (X i,j ) and C j whenever x i (x i ) is a literal of clause c j . To obtain a total angular resolution of 60
• at every clause vertex C i , all of these paths must start from C i towards the right and one must start horizontally. We claim that the constructed graph G has a drawing D with TAR(D) ≥ 60
• if and only if the initial 3SAT formula is satisfiable.
Assume first that the 3SAT formula is satisfiable. Consider a truth assignment of the variables that satisfies the formula. We draw each variable gadget such that the side corresponding to its true literal is on the right. Further, we scale all the variable gadgets such that no two vertices of different variable gadgets or of a variable gadget and a clause gadget lie on a horizontal line (except for the vertices X i ). For every clause c j , we choose a literal v i ∈ {x i , x i } of c i which is true. We draw the path between the corresponding clause vertex C j and the literal vertex V i,j by starting with a horizontal edge from C j to the right, continuing with a ±60
• edge to the right and up to the height of V i,j , and ending with a horizontal edge to V i,j . For the other literals of c j we draw a ±60
• edge from C j to the right, followed by a horizontal edge to the left and a ±60
• edge to the left or right, depending on whether v i is true or false; see Fig. 3 . As all edges of the resulting drawing D are either horizontal or under an angle of ±60
• , we have TAR(D) = 60
• as desired.
For the other direction, assume that G admits a drawing D with TAR(D) = 60
• . In D, consider a clause vertex C j and the path P = C j M 1 M 2 V i,j which starts horizontally at C j . Then the literal vertex V i,j must be on the right side of its variable gadget: If V i,j is a left vertex of a variable gadget, then P must enter V i,j from the left under an angle of at most ±60
• with respect to the horizontal line. Hence M 2 lies to the left of the lines 1 and 2 . On the other hand, the second vertex M 1 of P lies horizontally to the right of C j . However, to respect the 60
• restriction at M 1 , M 2 must lie to the right of the lines 1 and 2 , a contradiction. Now consider the set of literal vertices that are an endpoint of a path starting horizontally at some clause vertex. As these literal vertices are on the right side of their corresponding variable gadgets, the set does not contain any pair X i,j , X i,k . By setting all the corresponding literals to true, we obtain a non-contradicting partial truth assignment of the variables that satisfies the formula since for every clause c j the literal v i corresponding to V i,j is true.
